We have reduced the Heisenberg model for the quantum antiferromagnet in the leading approximation over 1/s to the spin-rotator model which represents some sort of quantum lattice rotator model. We perform the long-wavelength reduction of this spin-rotator model. An intermediate scale Λ was introduced and the short-wavelength antiferromagnetic spin fluctuations were integrated out. As a result, we obtained the continuum nonlinear sigma model with some additional contributions. We presented arguments showing that this model is renormalizable in the framework of 1/N perturbation theory. We separated out all ultraviolet divergencies and expressed all parameters of the theory in terms of the parameters of the primary Heisenberg model, in the one loop approximation.
I. INTRODUCTION
The theory of the two-dimensional Heisenberg antiferromagnet has attracted great interest during the last years in connection with the problem of antiferromagnetic fluctuations in the copper oxides [1] , [2] , [3] , [4] . The approach of these papers was based on the sigma model, which is the continuous model for the unit vector n(t, r), n 2 = 1 in the 1 + 2 time and space dimensions [5, 6] . As a long wave theory the sigma model can make a lot of physical predictions but some essential constants of the theory are not well defined due to the presence in it of ultraviolet divergences. For example [3] , the type of the ground state of the theory depends on the relation between the coupling constant g and the critical value of this constant g c = 4π/Λ, where Λ is the cut-off momentum which is not well defined. Unfortunately, the inclusion of divergent constants in observable quantities has not solved all problems, because up to now a complete classification of the ultraviolet divergences was not presented. Notice that such inclusion was partially presented in [3] . But it was done not in terms of the Heisenberg model but in terms of the sigma model at zero temperature. This situation can not be considered satisfactory. Of course some very important phenomenological theories (for example Landau theory of the Fermi liquid) contain some parameters which are very difficult to calculate. But it seems that the theory of the quantum antiferromagnet is different because it contains some small (may be not so really small) parameters as 1/s, 1/z, and 1/N, where s is the magnitude of spin, z is the number of neighbors, N is the number of components of the vector n.
One can check that the long wave fluctuation of the Heisenberg antiferromagnet are well described by the sigma model. For that it is sufficient to consider the classical equations of motion for spin fluctuations. The derivation of the sigma model presented in the papers [1] and [8] without taking into account fluctuations accurately, is practically equivalent to this statement. A lot of problems of the theory are connected with this unsatisfactory situation. We try to develop a more consistent approach. This paper contains the following basic results: 1) We have reduced the Heisenberg model for the quantum antiferromagnet on a lattice to some sort of the quantum lattice rotator model (QLRM) [1] , [2] in the leading approximation over 1/s. We shall call this model the spin-rotator model.
2) We have performed the separation of fluctuations for the spin-rotator model with the help of the introduction of some separation scale Λ in momentum space. As a result, we obtain the long wave nonlinear sigma model with additional contributions from short wave fluctuations.
3) We presented arguments showing that the 1/N perturbation theory for the continuous nonlinear sigma model, in the approach based on the introduction of a Lagrange multiplier, for 1+2 time and space dimensions, in fact contains only logarithmic divergences and is a renormalizable theory. 4) We have performed the separation of divergences in the one loop approximation and checked the cancellation of the dependence on the cut off momentum Λ due to the contribution of short wave fluctuations.
We believe that the present approach can help to solve the urgent problem of the modern theory of antiferromagnetic fluctuations: connection between the well established microscopic Hamiltonian and quantitative properties of long wave antiferromagnetic fluctuations.
II. DERIVATION OF THE SPIN-ROTATOR MODEL
A. Magnetic fluctuations and 1/s approximation We consider the spin system which is described by the following Heisenberg Hamiltonian:
whereŜ l are the spin operators; the index l runs over a two-dimensional square lattice; the index l ′ runs over the nearest neighbors of the site l; J > 0 is the exchange constant which, since it is positive, corresponds to the antiferromagnetic spin interaction; and s is the magnitude of spin. The most efficient method of dealing with a spin system is based on the representation of the generalized partition function (GPF) Z or the generating functional of the spin Green functions in the form of the functional integral over spin coherent states z, z * [7] . In the continuum approximation, which is valid in leading order in 1/s, the expression of GPF is simplified and can be presented in a form of a functional integral over the unit vector n, n
where T is the temperature, τ is the imaginary time, and A(n) is the action of the system:
where n x , n y , n z are the Cartesian components of the vector n, andṅ τ l is the time derivative of this vector. For us it is convenient now to include the constraint n 2 τ l = 1 in the kinetic (local over space) part of the Lagrangian with the help of the Lagrange multiplier λ τ l .
The next step of the paper is based on the idea of the near antiferromagnetic order. Following this fundamental hypothesis, we split our square lattice into two antiferromagnetic sublattices b and c. In the sublattice b the spins S are directed along some axis Ω, in the sublattice c they are directed in the opposite direction. In this way, we obtain a new square lattice with two spins b and c in the elementary cell with a volume 2a 2 , where a is the space distance between spins. The axes of this new lattice are rotated by 45 degrees with respect to primary axes. We assume that this antiferromagnetic order is only defined locally and any global antiferromagnetic order is absent. As a result, the summation over the lattice sites l can be expressed as a summation over two two-dimensional vectors ρ b,c which specify the space positions of the spins in the sublattices b and c. In terms of this new notation, the Lagrangian L kin can be expressed as a sum of two such Lagrangians, one for the sublattice b and another for the sublattice c, in terms of two vectors n(τ, ρ b,c ) and two Lagrange multipliers λ(τ, ρ b,c ). The Lagrangian L pot conserves its form if l → ρ b , and l ′ → ρ c . In this case the summation over l = ρ b extends over all sites of sublattice b and the summation over l ′ = ρ c over the nearest neighbors of the site ρ b , and J/2 → J. In this way we have two spins in each antiferromagnetic elementary cell which are defined in the different space positions ρ b,c . This circumstance is not convenient for further nonlinear changes of variables. One can introduce new variables n b,c (τ, ρ) which are both defined at the center of the antiferromagnetic elementary cell. For that we pass to the Fourier image n b,c (τ, k) of the original vectors n(τ, ρ b,c ), where the vector of momentum k runs over the antiferromagnetic Brillouin band. We can return back to the space representation and consider the coordinate ρ as continuous variable. As a result we have the following definition:
where N s is the total number of sites in the space lattice. Of course, we assume periodic boundary conditions. The variable ρ now is in the center of the antiferromagnetic elementary cell. One can check that the Lagrangian L kin will be the same in terms of new variables n b,c (τ, ρ) and λ b,c (τ, ρ) if we shift the variables λ(τ, ρ b,c ) in the same manner. The Lagrangian L pot conserves its simple form in the momentum representation.
B. Canonical variables and integration over momentum
Now we can introduce new more convenient variables Ω(τ, ρ) and L(τ, ρ) which realize the stereographic mapping of a sphere:
After this change of variables the GPF Z can be expressed in the form:
where dµ (Ω, L) is the measure of integration. The variable Ω is responsible for the antiferromagnetic fluctuations and the variable L for the ferromagnetic ones. The ferromagnetic fluctuations are small according to the parameter 1/s and therefore one can expand the action A (6) over L. One can check that the expansion of L kin (3) (without λ-terms) over L contains only the odd powers of L. All terms in L kin with even powers of L (including the zero order term) cancel each other due to compensation of the contributions of sublattices b and c. The term of first order is the most important one and has a form [1, 8] 
This term can be directly obtained from (3) using integration by parts in time τ and the identities: Ω 2 = 1 and (ΩL) = 0, or, in more elegant manner, [8] . The term of third order in L can not be expressed in an explicit rotationaly invariant form, but it can be considered as a perturbation. The explicit form of L pot can be obtained more easily if the representation (5) for n b,c is substituted in (3). We have, in the quadratic approximation with respect to L:
It is necessary to notice that the vectors ρ correspond to the centers of the antiferromagnetic cells but the vectors ρ + σ do not correspond to the center of any cell. This means that the variables Ω ′ and L ′ are a linear combination of true variables Ω and L. This circumstance does not create serious difficulties and we shall write L pot in a simple symbolic form:
where z = 4 is the number of the nearest neighbors of the site ρ, and the operatorγ in the k representation has a simple and well known form γ k = (1/2)(cos(k x a) + cos(k y a)). Now it is reasonable to make a change of variables. We can see that the vector L can be split into transversal and longitudinal parts with respect to Ω: L = L tr + L lon with obvious properties: (ΩL tr ) = 0 and (ΩL lon ) = (ΩL). The new variable M is
Due to a property of the measure dµ (6), M lon = 2s(ΩM) and
In terms of the variables Ω and M the total lagrangian L = L kin + L pot in the lowest approximation with respect to M has an extremely simple form:
The measure of integration dµ will be determined by the same relation (6) if we substitute the vector L into the vector M. The Lagrangian L M Ω (11) is very simple but the measure dµ (6) is not simple due to the presence of two delta-functions. Therefore we can not simply integrate out the high-energy field M with characteristic fluctuation energy 4Js
2 z 2 . To perform the integration over field M we shall use some kind of the Faddev-Popov trick [9] . Let us consider an integral:
and insert in the right hand side of the identity:
whereÂ is a positive number or a positive definite operator for some multidimensional generalization. After changing the order of integration over M and ϕ we can make the change of the variable M: M → M − Ωϕ. After that, due to the delta-function, we have ϕ = (MΩ) and the delta-function disappears from the integral (12):
With the help of the identity (14) we can remove the delta-function δ(MΩ) from the measure (6) . As a result we must substitute M → M tr in the Lagrangian L M Ω (11) and add the gauge fixing term 1 2 (MΩ)Â(MΩ) due to the additional exponent in (14). It is very convenient to chose the operatorÂ equal to the operatorQ/4s
2 from Eq.(9). We can substitute M tr → M in the first term of the Lagrangian L M Ω (11) due to the identity (ΩΩ) = 0. In the last term of the Lagrangian L M Ω (11) the major dependence on the field Ω is also canceled by the gauge term. In this way, the expression (11) for L M Ω is valid in the leading order with respect to 1/s for the Lagrangian of the Heisenberg antiferromagnet and we obtain for the GPF Z a very simple expression (up to a constant in the measure of integration):
Here we have introduced the constrain Ω 2 − 1 = 0 with the help of the Lagrange multiplier λ. Below we will consider the interaction with the Lagrange multiplier λ on the basis of the saddle point approximation [5] . This is the reason for the introduction of a constant µ 2 /2Jz in the action. The concrete choice of this constant is motivated below. Now, one can easily integrate over the field M and obtain the final action for the field Ω and the Lagrange multiplier λ:
(Q,P ) = 2Js 2 z(1 ±γ), γ k = (1/2)(cos(k x a) + cos(k y a)).
One can easily recognize in (16) the Lagrangian of some kind of the Quantum Lattice Rotator Model (QLRM) [2] . However it is different from the standard model due to the momentum dependence of the kinetic term in Eq. (16). We shall call such kind of models the spin-rotator (SR) ones. The SR model as well QLRM is well defined and does not contain any divergences. It allows to perform all calculations accurately without introducing any badly defined quantities. But we prefer to formulate a well defined long-wave generalized sigma-model in the next section and to discuss the simplest properties of antiferromagnetic fluctuations in its framework.
At the end of this section we shall discuss the parameters on which SR-model with the Lagrangian L Ωλ (16) is valid. From the GPF (15) with the Lagrangian L M Ω (11) one can easily (considering M and Ω as Gaussian fields) calculate the quantities < M 2 > and < M i Ω j >:
Here, N = 3 is the number of components of fields M and Ω. The summation over k and the integration over k (which is the same) in Eqs. (17) . Concerning the second equation in (17) one can say that M enters the perturbation Lagrangian as M/2s and we also have some small parameter.
III. DESCRIPTION OF LONG-WAVE FLUCTUATIONS A. Divergences in 1+2 sigma model
The Lagrangian of the SR model (16) is very attractive. Nevertheless, it will definitely change if we take into account quantum 1/s corrections. But the action of the long-wave sigma model is the universal one and can easily be obtained from the Lagrangian SR (16) by the naive long-wave limit [8] :
where ∂ i is the space derivative for i := x, y; c s is the velocity of sound: c
2 is the transverse susceptibility; µ 2 is the mass of the n-field in a disordered phase [5] . Because the characteristic low-energy scale E low = max(T, µ) (T is the temperature) is much less than the exchange constant J the long-wave antiferromagnetic fluctuations contain many universal properties [3] . However, the connection of the constants which determine these universal properties with parameters of the original Heisenberg model is not obvious.
In spite of that, the situation can be clarified. One can easily understand that the theory with the Lagrangian (18) in fact is renormalizable. Actually, at large energies one can neglect the temperature T and the n-mass µ. In this situation the Green function of the nfield G =< n i n j > is proportional to q −2 , where q is the modulus of the three-dimensional vector (ω, c s k). The Green function of the λ-field D =< λ 1 λ 2 >, which represents the inverse loop [5] is proportional (in our case of 1 + 2 dimensions) to q. The unrenormalized nnλ-vertex Γ is a constant, and the phase volume is Φ ∼ q 3 . One can check that in the one loop approximation only four objects of perturbation theory contain divergences, namely: 1) The nn-mass
All other objects at the one-loop level are convergent.
But this is not the total truth because the theory contains some freedom. We always can add to the Lagrangian some terms containing powers of the square of the n-field in the same point of space and time with arbitrary coefficients:
so far as n 2 (τ, r) = 1 this change of the Lagrangian has no influence on any observable quantities. We always can choose the coefficients A, B, C in a manner to kill the main divergences in Σ, Γ 4 , Γ 6 . As a result we shall have only logarithmic divergences in the nfield mass operator Σ and in the nnλ-vertex.
One can easily check that higher order terms do not change the index of divergence of a diagram. Each next order of perturbation theory V adds two Green functions G, one Green function D, two vertices Γ and one integration over q. This addition leads to V ∼ G 2 ·D·Φ ∼ q −4 ·q·q 3 = q 0 . This means that the index of divergence of a diagram did not change and we have in fact only three constants in the long-wave sigma model which depend on short-wave fluctuations: the constant of renormalization of the n-field wave function, the constant of renormalization of the velocity of sound, and the constant of renormalization of the nnλ-vertex Γ. Ultraviolet divergences are discussed in an excellent book [5] but, unfortunately, only in part.
B. Long-wave reduction of the spin-rotator model
Our basic idea is to separate scales in the Lagrangian L Ωλ (16) of SR model. The simplest idea is to separate all perturbation theory integrals over k into two parts by some separation scale Λ. But this method introduces some arbitrariness. We will use the scale separation based on some sort of Pauli-Villars transformation. The following identity holds:
whereĜ =Ĝ 1 +Ĝ 2 , and V (ϕ) is an arbitrary function such that integrals in (20) exist. This identity can be easily proved if we introduce for the second integral new variables ϕ = ϕ 1 + ϕ 2 and ψ = ϕ 1 − ϕ 2 . The integration over ψ is Gaussian and can be easily performed. As a result we have the first integral. The identity (20) may be interpreted as follows. Let us chooseĜ = p
We have achieved the splitting of the Green function of a scalar field ϕ into two parts with the help of the Pauli-Villars transformation. In fact this is a strict integral identity.
Let us apply this method to the Lagrangian L Ωλ (16) of SR model. We represent the filed Ω as a sum two new fields n and v: Ω = n + v. The operatorsĜ,Ĝ 1 , andĜ 2 , in this case in the (ω, k) representation may be chosen in the form:
where p = (ω, c s k) is the three dimensional momentum. We shall assume that max(T, µ) ≪ Λ ≪ Jsz. Only in this case the cut-off momentum Λ has a clear meaning. As a result the Lagrangian L Ωλ reduces to L nvλ and has the form:
Here, we have substituted the operatorĜ 1 by its long-wave limit.
The Lagrangian L nvλ solves our problem of construction of a consistent theory of antiferromagnetic long wave fluctuations. All integrals for the n-field in the 1/N perturbation theory are convergent due to the presence of the form factor (p 2 + Λ 2 )/Λ 2 in the quadratic term of the n-field. Of course, the dependence on the cut off momenta Λ, which appears as ln(Λ) in perturbation theory and as Λ and in the sef-consistent condition < Ω 2 >= 1, is artificial and must be removed by the contribution of terms containing the v-field. It is precisely this which happens.
C. Calculation of the simplest objects of the theory
Let us demonstrate how it is working in some basic examples. At first consider the most important constraint of the theory which determines its phase state: < Ω 2 >= 1. Substituting Ω = n + v we have
Here we denote by G n,v the Green functions of n and v fields, p is 1+2 dimensional momentum,
The main contributions in the integrals in (23) from the Green function G n are from momentum k ≤ Λ, and from the Green function G n are from momentum k ≥ Λ. This property is general for all integrals with G n , G v . We perform the calculation assuming that the parameters of the theory correspond to the ordered phase at temperature T = 0 ("renormalized classical region" according to classification of papers [2, 3] ). The left hand side of Eq. (23) can be calculated if we produce accurate summation over the frequencies ω = 2πn and integration over the momentum k can be extended to infinity (see [1, 3] ). When we calculate the right hand side of Eq. (23) we can put the temperature T equal to zero and replace the summation over ω by an integration and the integration over ω can be easily performed. The integration over k can be performed treating Λ/Jsz ≪ 1 as a small parameter. In the part of the integral depending on Λ, the integration over k can be extended to infinity. The other part is independent of Λ and can be calculated by the same manner as the constant c m in Eq. (17). As a result the constraint (23) has the form
We can see that dependence on Λ is canceled in both sides of Eq. (24) and for µ (µ −1 is the correlation length), we have the expression:
The relation (25) expresses µ directly in terms of the parameters of the Heisenberg model. It is not very accurate because it was obtained in the lowest order in the two parameters of perturbation theory, 1/s for the Heisenberg model and 1/N for the sigma model. On the language of the paper [3] we have the expression for the spin stiffness ρ s = Js 2 (1 − Nc n /4s). As far as the second term in the expression for the spin stiffness is concerned, should not be considered too seriously because there exist another corrections of the same order of magnitude over 1/s.
Let us consider now the one loop contribution to the mass operator:
The second term in (26) is a subtraction term which reduces the ultraviolet divergences for the n-field from quadratic to logarithmic. To produce real calculation it is necessary to know the Green function of the λ-field D(p):
In Eq. (27) we used that any closed loop is formed by the total Green function G of the SR model (16). Let us notice that G coincides with G v in Eq. (23) if we substitute Λ → µ, where µ is the mass of the n-field. Really, there are four contributions to Π(p). At p ≪ Λ, the nn contribution is dominant; at p ≫ Λ, the vv contribution is dominant; the contributions nv and vn are localized at p ≃ Λ. Such classification of contributions in any loop integral is typical. We shall use the following expression for the Green function D(p) of the λ field:
The first expression for D(p) is the precise value of the integral (27) [3] . The second one gives the correct asymptotic behavior for ω → ∞ and is qualitatively correct for p ∼ π/a. Now we shall present expressions for the renormalization constant of the n-field wave function (residual of the nn Green function) due to the mass operator Σ 1 (26). The change of the renormalization constant δZ n is equal to
The integrals in Eq. (29) in the region p ≪ π/a can be calculated using 1+2 rotational invariance. For p ∼ π/a we at first integrated over ω and after that over k:
The first term in Eq. (30) for δZ n1 is the contribution of the n-field, the last two terms are the contribution of the v-field. We can see that the dependence on the cut-off momentum Λ is canceled and δZ n1 depends on the real parameters of the model. Due to the qualitative character of the λ-field Green function (28) D(p) at large p it is necessary to consider the value of the constant c ω in (30) as an estimation. The renormalization of the velocity of sound can be calculated in the same manner. In conclusion we shall consider the renormalization of nnλ-vertex Γ in the one-loop approximation:
where p 1 , p 2 are 1+2 momenta entering in the vertex through n-legs. The ultraviolet divergences can be included in δΓ 10 , and the result of its calculation is
the constant c n was defined in Eq. (24). The first term in the square brackets (32) is the long wave nn-contribution, the second one is the nv-contribution, and the last one is the vv-contribution. We again see cancelation of the dependence on the cut-off momentum Λ.
IV. DISCUSSION
In conclusion we want to discuss two important points of our approach. 1) We stress an important detail of Eq.(17), namely that the average < M i Ω j > is not well defined when the fields M and Ω have coincident times: the result of averaging depends on the ordering of these fields in time. This detail reflects the important fact (see the Lagrangian L M Ω (11)) that the field M represents the momentum conjugated to the field Ω. The result of averaging the product of coordinate and momentum operators strongly depends on their ordering. For the functional integral this means that the ordering (qp or pq) must be defined before writing the functional integral. But it is not the case for spin systems for which the functional integral is determined in terms of the spin coherent states only [7] . This means that the functional integral (2-3)) in its continuous form over time is ambiguous if we want to calculate perturbative 1/s corrections to our basic approach. We must return to the original functional integral for this spin system [7] in terms of the complex variables z and z * and perform the calculation taking into account the dependence of this variable on time. This program is technically more complicated but it is the only one which is possible.
2) Our approach is based on the separation of scales in the theory formulated with the Lagrange multiplier (16) and looks very natural. In fact the conceptual situation is not so simple. At first glance another program looks more natural. Let us consider the constraint Ω 2 = 1, not with the help of Lagrange multiplier but directly in the deltafunction, and let us separate scales with the help of Pauli-Villars transformation (20-21).
After that let us integrate out over the field v. It is technically more difficult but it is not an unsurpassable matter. Physically it seems evident that we integrated out over the short-wave antiferromagnetic fluctuations. In fact, as a result, we shall have an additional (according to 1/s corrections) renormalization of the parameters of the long-wave sigma model Lagrangian (18). What is interesting is that this renormalization is finite according to the parameter Λ/Js 2 z: more specifically, the numerical renormalization of the coefficients of the Lagrangian (18) (the transverse susceptibility and the velocity of sound). Any logarithms of the kind ln(Js 2 z/Λ) are absent. Such logarithms are connected with the fluctuations of the Lagrange multiplier which are also large for the momentum p ∼ π/a ≫ Λ. They do not appear in the discussed approach.
